PHY2061 R. D. Field

PHY 2061 Exam 2 Solutions

Problem 1 (relativity, 10 points):

Protons leave a particle accelerator with a speed of v =0.9¢ to enter and travel through an
evacuated tube 1.0 m long, as measured by an observer in the laboratory, and then finally reach a
detector. (Note: ¢ = 3.0x10%m/s)

Part A (2 points):

How long does it take for a proton to travel from one end of the tube to the other (in
nanoseconds) according to an observer in the laboratory frame?

Answer: 3.7
Solution: In any frame distance equals speed times time and hence

d._ b _37x107s =3.7ns.
v 09Gx10°m/s)

Part B (3 points):
How long does it take for a proton to travel from one end of the tube to the other (in
nanoseconds) according to an observer traveling with a proton?

Answer: 1.6
Solution: The proton frame is the proper time and hence

where Tused y =1/41- 3> =2.294.
Part C (3 points):

What is the tube’s length (in m) as measured by an observer traveling with a proton?

Answer: 0.436

Solution: In any frame distance equals speed times time and hence
vt _d Im

Part D (2 points):

What is the kinetic energy of the protons (in MeV) in the laboratory frame? (Note: The rest mass
of a proton is Mpc2 =940 MeV)?

Answer: 1,216

Solution: The kinetic energy is given by
KE =(y —l)Mpc2 =1.294(940MeV") = 1,216MeV .
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Problem 2 (relativity, 12 points):

A flashlight at rest at the origin (A) of the O-frame is
orientated at a 45° angle with the x-axis as shown in the
Figure. At t= 0 the flashlight emits a light signal toward an
observer (B) located a distance d = 1 light-year away (as

Flashlight

at rest in the

measured in the O-frame). The O'-frame which is moving O-frame
along the x-axis of the O-frame with speed V =c/ \/E and >
at t =t' = 0 the origins of the two frames coincide. (Note: A X

light-year is a measure of distance equal to 9.46x10"° m,

which is the distance light travels in one year.)

Part A (3 points):

What are the x' and y' components of the velocity of the light signal in the O'-frame? (i.e. what
are vy' and vy'? Express your answer in terms of c.)

Answer: v',=0 v'y=c¢
Solution: The components of the velocity of the light signal in the O-frame are given by
v, =cos45°% = c/\2
v, =sin45°% = c/2
The components of the velocity of the light signal in the O'-frame are given by
1 - vX B V -
V= t——=
1-Wv_ /c
o v, _ 2y
Toy-w /ety ya=-g) 2
where I have used =c/\/5=V/c=vx/c and y =1/4/1-B7 =42.
Part B (2 points):
How long (in years) does it take the light signal to get from A to B according to an observer in
the O-frame?

C

Answer: 1
Solution: In any frame distance equals speed times time and hence
t:i:—(ly)c =1
v c

Part C (3 points):
How long (in years) does it take the light signal to get from A to B according to an observer in
the O'-frame?

Answer: 0.707

Solution: The time in the O'-frame is given by
A= y(cht - BAxY) = y(d - Bd IN2) =Ly =d /2,
where Tused Ax =d /2 and y =1/4/1- B> =+/2. Hence,
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Part D (4 points):
Let event A be the sending of the light signal at A and event B be the receiving of the light
signal at B. Plot and label event A and event B on the following four space-time plots:

O'-frame , O'-frame
ct

O-frame O-frame

0.71d 0.71d
O-frame O'-frame
At =d ct'= y(cAt - BAx) =d /N2
Ax=d/\2 Ax'= y(Ax — Bet) = 0
Ay=d/~2 A'=0y=d/\2

withd=1L-Y.

Problem 3 (relativity, 12 points):

4o

++++++++++++++++++++++-'—>V

++++++++++++++++++++++-'—> \%

In the lab frame (O-frame) there are two identical parallel neutral wires consisting of a line of
positive charges moving to the right with speed V = 0.75c¢ and a line of negative charges at rest
as shown in the figure. The O'-frame is moving the right at speed V = 0.75c¢ relative to the O-
frame. In the O'-frame the positive charges are at rest and the negative charges are moving to the
left at speed V = 0.75c. The rest density of the positive charges is 1 HC/m.

Part A (3 points):

What is the current carried by one of the wires in the lab frame (in A)?

Answer: 340

Solution: The current in the lab frame is given by
I =2V =yAV =1.512(1x10°C/m)0.75(3x10° m / s) = 3404,

where Tused y =1/4/1— B> =1.512. Note that the wires are neutral in the lab frame which
implies that

A=A" =X =yA —A, =0,
and hence
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Ao =YA
where A¢" and A¢” are the rest densities of positives and negatives, respectively.
Part B (2 points):
Which of the following statements is true in the lab frame? (circle all correct statements)
(a) There is an electric force attracting the two wires.
(b) There is an electric force repelling the two wires.
| (c) There is a magnetic force attracting the two wires. |
(d) There is a magnetic force repelling the two wires.
(e) There are no forces on the wires.
Part C (3 points):
What is the net charge density of one of the wires in the O'-frame (in pC/m)?
Answer: -1.286

Solution: The charge density of the wires in the O'-frame is given by
A'=A" =T = A0 VA =(-y)A = =BYA
=—(0.75)*(1.512)*QuC/m) = -1.286 uC / m

Note that the wires are negatively charged.

Part D (2 points):

What is the current carried by one of the wires in the O'-frame (in A)?

Answer: 514

Solution: The current in the O'-frame is given by
I'=A"V =yAV =y’ AV =yl =1.512(3404) = 5144
Part E (2 points):

Which of the following statements is true in the O’-frame? (circle all correct statements)
(a) There is an electric force attracting the two wires.
(b) There is an electric force repelling the two wires.
(c) There is a magnetic force attracting the two wires.
(d) There 1s a magnetic force repelling the two wires.
(e) There are no forces on the wires.

Problem 4 (10 points): s
Three infinitely long parallel wires lie in the xz-plane
and are located at x =-d/2, 0, and d/2 as shown in the
Figure. The two outside wires (x=-d/2, d/2) carry equal

currents I (out of page), while the center wire (x = 0) O T o p— Ko
caries a current of 21 (into the page). ——> X > x-axis
Part A (4 points): ‘_1

What is the magnetic field vector, E(x), on the x-axis a

distance x > d/2 from the origin? (Express your answer in terms of k = /4Tt x, I, and d.)
kld* 5

X —(d/2)))”

Answer: B(x) =
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Solution: The magnetic field at P is the superposition of the fields from each of the three wires
as follows:

- 2kl 2kI  2k(21 kld* .
B(x):B + _ 2K )§= 2 N
(k+d/2 x-d/2 X x(x*=(d/2)7)

Part B (3 points):
Which of the following gives the magnitude of the magnetic field on the x-axis at x =d? (circle
one answer and show your work)

(a) 4kl/d (b) 8kI/d (c) 4kI/(3d)| (d) 2kI/d
(e) kI/d (f) 3klI/(4d) g) Zero (h) none

Part C (3 points):

Which of the following gives the magnitude of the magnetic field on the x-axis in the limit x >>

d? (circle one answer and show your work)
(a) 4kld/x* b) kId*/x (c) 2kId*/x* (d) 2kId/x*
(e) 2kI/x (f) 4kI/x (g) 2kld¥/x’ (h) none

I <+

Problem 5 (12 points):

Two parallel semi-infinite thin wires each carry a current I, 1,
I, which is split into two semi-circles with radius R, as

shown in the Figure. The current I goes through the left >

semi-circle and current I, through the right semi-circle (I =

I; + 1), where the fraction of the total current I going

through the left semi-circle is f = L;/I (0 < f < 1). (Note: k = po/411= 10" Tm/A)

Part A (3 points):

If the z-axis is out of the paper, which of the following gives the z-component of the magnetic
field at the center of the circle? (circle one answer and show your work)

(a) Tik(1-2f)I/R | (b) KIQ+11(1-2))/R | (c) Tk(2f-1)/R (d) kI(Tq(1-21)-2)/R

(e) 2TkI/R (f) 2mk(1-2H)I/R (g) zero (h) none

Solution: The magnetic field at center of the circle is the superposition of the fields from each

of the two semi-circles and each of the two semi-infinite wires as follows:
B :ﬂ+ﬁ+ T, _Tﬂc]l _ 2kl +7‘0’c([2 -1) _ k(2+7‘[(1—2f))1.
° R R R R R R R

Part B (3 points):

Sketch the z-component of the magnetic field at the
center of the circle as a function of the fraction f =
I/I fromf=0tof=1.
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Part C (3 points):
For what value of the fraction f is the net magnetic field zero at the center of the circle?
Answer: 0.818

Solution: From Part A we see that the magnetic field is zero when
1

2+m(1-2f)=0 or f :l+—=0.818.
2 m
Part D (3 points):
IfR=3.14m,I1=2 A, and f= Y%, what is the magnitude of the magnetic field at the center of
the circle (in microT)?

Answer: 0.227

Solution: From Part A we have
_kQ+Ar(d-2f)I _ (10_7 Tm/ A)2+0.51m)(2A)
: R 3.14m

B =0.227uT .

Problem 6 (10 points):

A single wire square loop with resistance R = 0.3 Q and area A

=100 cm’ rotates with a constant angular velocity in a uniform B
2 T magnetic field. The axis of rotation goes through the center

of the loop (in the plane of the loop) and is perpendicular to the
magnetic field as shown in the Figure. The loop makes 10 v
revolutions per second.

Part A (4 points):

What is the maximum induced current generated in the loop (in

Amps)?

Answer: 4.19 B
Solution: The magnetic flux through the loop is given by ®g =
BAcos0 and the induced EMF is,

_dd, :_BAdcose
dt dt

where 8 = wt and w= d6/dt is the angular velocity. The current is
given by

= BA wsin wt ,

I:—:BAa)sina)t:]max sin Gt .
R R

The maximum current occurs when sin@ = 1 and thus
_BAw _2mBA _ 2m(2T)(100 x10 *m?)
mx R RT (0.3Q)(0.1s)
where [ used T =2wWw=1/f = 0.1s.

=4.194

Part B (2 points):

Sketch the induced current I(t) in the loop as a function of time.

Exam 2 Solutions Page 6 of 11 November 1, 2001



PHY2061 R. D. Field

Induced Currentl

VARV

Part C (4 points):
How much energy (in Joules) is dissipated in the wire due to heating in one complete
revolution? (Identities: cos® 0 =1(1+co0s26),sin’ 8 =1(1-cos26))

Answer: 0.26

Solution: The power dissipated by the resistance in the wire loop is
dUu .
P:d—=12R =] Rsin’wt,
t

max

and hence
2 21

T
. I° R"_ .
U =J'Pdt =I1éastm2a)tdt =&J's1n26d9
0 w 0

max

2 2

2 2
_ 1o RT _ (4.194)°(0.3Q)(0.15) _ .

where [ used
21T 2T

J’sin2 040 = J’%(l - co0s208)d0 =11,
0 0

Problem 7 (12 points):

An infinitely long coaxial cable consists of an inner wire of
radius 2R carrying a uniformly distributed current I (out of the
page) surrounded by an outer wire with inner radius 2R and
outer radius 3R carrying a uniformly distributed current I (in to
the page). There is a cyclinderical hole with radius R in the
inner wire as shown in the Figure. For both wires the current
density is constant. (Express your answers in terms of k, I, and
R.))

Part A (2 points):

What is the magnitude of the magnetic field outside of the coaxial cable a distance r from the
center (r > 3R)?

Answer: zero

Solution: Ampere’s Law tell us that
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enclosed

fﬁ @l =yl
and if we take a circular loop with radius r > 3R then I¢pclosea = 0 and hence B = 0.
Part B (3 points):
What is the magnitude of the magnetic field inside the outer wire a distance r from the center
(2R <r<3R)?

2 _ 2
Answer: B(r):zk] E9R d E

r 5R*
Solution: If we take a counter-clockwise circular loop with radius r such that 2R <r < 3R then
L QR2 — 2
-fB ml = ZWB(F) = uolenclosed = IJOI - IJO‘]I(T[V2 - n—(ZR)2) = I’IO Tzrl 9

where I used
I=J,(m(3R)* -m(2R)*) = J,T5R*,
and where J; is the current density (constant) of the outer wire. Thus,

2kl [PR? 72
B(r)= .
) r E9 5R? E
Part C (3 points):

What is the magnitude of the magnetic field inside the inner wire a distance r from the center (R
<r<2R)?

2 _ p2
Answer: B(r):zk] Er R E

r 3R’
Solution: If we take a counter-clockwise circular loop with radius r such that R <r < 2R then
2 2
. -R
.fB Bﬂ = 27-[7"3(7") = IJOIenclosed = IJOJl(r[r2 - nRZ) = IJOF3T] ’

where I used
I=J,(m(2R)> —mR*) = J,m3R",
and where Jj is the current density (constant) of the outer wire. Thus,

B(r)= 2]:1 EF 3;35 E

Part D (2 points):
What is the magnitude of the magnetic field inside the hole a distance r from the center (r < R)?

Answer: zero
Solution: Ampere’s Law tell us that

jSE Gl =yl

and if we take a circular loop with radius r < R then Iepciosea = 0 and hence B = 0.

enclosed

Part E (2 points):

Plot the magnitude of the magnetic field as a function of r from r =0 to r =3R.
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Problem 8 (10 points):
A moveable (massless and frictionless) bar with a length of *& * %0 0 0,0
L =3 meters and resistance Ry =1 Q is being moved to oo ‘el o o o o
the right along two conducting rails at a constant speed Vpar B-out i
=4 m/s as shown in the Figure. The rails and the two ﬁl —3?2 L. ) . R :b ¢ o R\ 60
resistors, R; =3 Q on the left and R, = 6 Q on the right form o o o]l @ o " e o f
a rectangle with a width d = 12 meters. The entire system is
immersed in a uniform 3T magnetic field (out of the paper). o °,° \ ¢ o o
The bar is at x =0 at t = 0 (i.e. at resistor R;). ° <.T>. o e o o o
Part A (2 points): R =1Q

What is the magnitude of the induced current (in Amps) in
the 3 Ohm resistor at t = 1 second?

Answer: 8
Solution: There are two loops which have a changing magnetic flux. If I choose my orientation
counter-clockwise then the magnetic flux through the loop consisting of R; and the bar is given
by

®,=B_xL =BVLt,
and from Faraday’s Law of induction the induced EMF is

£ == %, =-B.VL,

dt
If I choose my orientation counter-clockwise then the magnetic flux through the loop consisting
of R, and the bar is given by
®,=B(d-x)L=B_(d-Vt)L,

and from Faraday’s Law of induction the induced EMF is

£, = 4%, =B.VL ,

dt

Thus, we have a circuit that is equivalent to the following:
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where € = B,VL = (3T)(4m/s)(3m) =36 V. Using the usual

circuit rules we see that >
E-IR -IR,, =0
E-I,R,-IR,, =0 RS3Q Ry =10Q R&60Q
llRl :]2R2
Solving for I =1; + I, yields
[=—°% - 1y ] 1]
(Reff +‘Rbar) (ZQ +IQ) € €
R, R 3Q)(6Q R
where R = ECHCLLYCLL) Q and [, =——=5(124)=84.
"R +R, (3Q+6Q) (R, +R,)
Part B (2 points):

What is the magnitude of the induced current (in Amps) in the 6 Ohm resistor at t =1 second?
Answer: 4
Solution: From Part A we see that

Rl

=— 1 1=30124)=44.
(R, +R,) (124)

2
Part C (2 points):
What is the magnitude of the induced current (in Amps) in the 1 Ohm bar at t =1 second?
Answer: 12
Solution: From Part A we see that
£ 60V

(R, *R.) (2Q+1Q)

ef
Part C (4 points):

How much work must be done (in Joules) to move the bar at the constant speed of 4 m/s from x
=0tox=12 m?

Answer: 1,296

Solution: The work is given by
W=F_d=ILB. d=(12A4)3m)3T)(12m) =1,296J ,
where I used F’m =-F 5 = —IL X B . Note that this is the same as
U=Pt=('R +I;R,+I°R, )t
=((84)°(3Q) +(44)* (6Q) + (12 4)* (1Q))(3s) =1,296 J
where t =d/V = (12m)/(4m/s) = 3 s.

Problem 9 (12 points): )
An inductor L and two capacitors (in parallel) C; and C,
form an LC circuit as shown in the Figure. The C Q Q;
capacitors have a total initial charge of Qy=Q;+Q; =5 e L —1—G
microC and C; = 2 microF, C; = 3 microF, and L = 0.5 _

milliH. The switch is closed at t = 0.
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Part A (2 points):
If the system in in equilibrium, how much charge (in PC) is on each capacitor before the switch
is closed?

Answer: Q(before) =2 uUC Q,(before) = 3 uC

Solution: The potential drop across each resistor is equal so before the switch is closed we have

0, _90 _
C_i_c_j and 0, +0, =0,.
Solving for Q and Q; yields
C, 2
=—(5uC)=2uC
0= o0 = 56HO) = 2u
C, 3
=—(5uC)=3ucC
0, = 200 = S(HC) =30

Part B (3 points):

What is the initial stored energy in the system (in microJ)?
Answer: 2.5

Solution: The initial stored energy is given by

L0 ,00_ 0 __ 0f __ (5uC)

' 2C, 2C 2C 2(C1 +C,) 2Q2uF +3UuF)
Part C (3 points):
After the switch is closed, what is the frequency of the subsequent oscillations (in kHz)?

Answer: 3.18

Solution: The angular frequency is given by

W= = ! = ! =2x10*/s

JIC;,  JL(C +Cy)  (0.5mH )(5uF)
and the linear frequency is

=2.5u]

4
r=@ 2XI00 s s ek
21T 21

Part D (4 points):
After the switch is closed, what is the maximum current through the inductor (in Amps)?

Answer: 0.1
Solution: Energy conservation tell us that

2 2 2
lL]Z"'Q—:U,-_Q—al’ldhe]’lce lL]iaX =U, = QO
2 ZCW ZC 2 2Ceff
Thus,
I = 9, :COQO:(2X104/S)(5[JC):0.1A,
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