Chapter 1. Vector Analysis

1.1. Introduction

This chapter will give an introduction to vector analysis. A vector, or displacement, has a

direction and a magnitude. The following vector notations will be used in this course:
1. A:the vector A
2. |Z |: the magnitude of vector A

The opposite of a vector A is a vector with the same magnitude as A but pointing in a direction
opposite to that of A. The opposite of vector A is written as —A .

There are four different vector operations that we will be using in this course: vector
addition, vector multiplication by a scalar, the dot product of two vectors, and the cross product

of two vectors. We will start Chapter 1 by discussing these four vector operations in some detail.

1.1.1. Vector Addition
Two vectors A and B can be added. The result of this operation is a new vector C (see
Figure 1.1a). Using vector notation we can write vector addition as follows:
A+B=C

Vector addition is commutative. This means that the order in which two vectors are added does
not affect the result (see Figure 1.1). The commutative properties of vector addition can be

written as
A+B=C=B+A

To subtract vector B from vector A is equivalent to adding the opposite of vector B to A. In
other words:

A-B=A+(-B)



C=A+B

Figure 1.1. Vector Addition.

1.1.2. Multiplication by a scalar

A vector can be multiplied by a scalar. If the scalar a is a positive number (see Figure 1.2a)
than the result of the multiplication of the vector A by a is a new vector with a magnitude equal
to a‘Z‘ and a direction equal to the direction of A. If the scalar a is a negative number (see
Figure 1.2b) than the result of the multiplication of the vector A by a is a new vector with a
magnitude equal to |a|- ‘Z‘ and a direction opposite to the direction of A .

a) b)
aA (a>0)

aA (a<0)

Figure 1.2. Vector multiplication.

Scalar multiplication is distributive. This means that the result of the multiplication of the

vector sum of vector A and B by a scalar a is equal to the vector sum of aA and aB:



a(A+E):aZ+a§

1.1.3. Dot product of two vectors

>

Figure 1.3. The scalar product of two vectors.

The dot product, also called the scalar product, is defined as

ZOE=|Z|-|§|~COSO

where Ois the angle between vectors A and B (see Figure 1.3).

The dot product is

commutative which means that the order of the vectors A and B does not effect the result of

the dot product. In other words:

The dot product is also distributive:

The dot product will be frequently used to determine whether two vectors A and B are

perpendicular. When A and B are perpendicular the angle 8 is equal to 90°. The definition of

the dot product shows that in this case the dot product between A and B is equal to zero.

1.1.4. Cross products of two vectors

The cross product of two vectors A and B is a third vector C. The vector C is

perpendicular to both A and B, and has a length equal to

C|=|Ax B|=[4] |B| -sin



where 6 is the smallest angle between A and B (see Figure 1.4). The direction of the vector C
can be determined using the right-hand rule. By applying the right-hand rule it can be shown
easily that the vector product is not commutative. This implies that the order of the vectors A

and B is important, and reversing the order will change the result of the vector product:

—-BxA

AXB
The vector product is distributive which requires that

Zx(§+5):Zx§+Zx5

<Y

A

Figure 1.4. The vector product of A and B.

Example: Problem 1.2

Is the cross product associative? If so, prove it; if not, provide a counter example.

If the cross product of two vectors is associative then the following relation must hold:

(AxB)xC=Ax(BxC)
Consider the special case in which A = B and C is perpendicular to A and B . In this case the
cross product between A and B is equal to the null vector. The left-hand side of the equation is
thus equal to the null vector. The cross product of B and C is a new vector, perpendicular to
both B and C, and with a length equal to |§| . ‘6 ‘ The cross product between A and B x C is a
new vector. Since A and B X C are perpendicular, the magnitude of the cross product of A
and B xC is equal to ‘ZHEHG‘ which is non-zero. We thus conclude that (ZX l_?)x C is not

equal to A x (l_? xC ) which shows that the cross product is not associative.



1.2. Vector components

A vector in three dimensions can be identified uniquely by specifying three coordinates. In a
Cartesian coordinate frame three base vectors i , }', and k are defined, parallel to the x, y, and
z axes, respectively (see Figure 1.5). Each of these base vectors has unit length and is
perpendicular to the other two base vectors. Any vector is uniquely defined by specifying its
components along the x, y, and z axes. A vector A is defined in terms of the three Cartesian

coordinates Ay, Ay, and A, Using the three base vectors, one can reconstruct the vector A

A=Al+Aj+Ak

zZ axis

y axis

» X axis

Figure 1.5. The Cartesian coordinate frame.

The vector operations discussed in Section 1.1 can be easily expressed in terms of vector

components. We will now discuss each of these four vector operations.

1.2.1. Vector addition

The components of the vector sum of vectors A and B is equal to the sum of their like

B
A and B then the components of C

components. If a vector C is the vector sum of the vectors

are equal to

C. =A +B,
C,=A+B,
C.=A +B,



In these equations, Ay, Ay, and A are the vector components of vector A, and By, By, and Bjare

the vector components of vector B.

1.2.2. Multiplication by a scalar

The components of a vector C, which is the result of a scalar multiplication of vector A

with a scalar a, are equal to the components of A multiplied by a:

C.=a A
Cy=a-A’V
C=aA

1.2.3. Scalar product

The scalar product of vectors A and B is equal to the sum of the products of their like

components:

AeB=AB +AB +AB,

This relation can be derived using the commutative properties of the scalar product:

TeB = (Af+Aj+Ak)e(Bi+Bj+BE) =
= AB[iei)+AB(jej)+AB(kek)+
ARSI N
HAB.+AB)jek)=

AB + A),B}, +AB,

In the last step of this derivation we have used the fact that the vectors i, j, and k are
perpendicular to each other and have unit length. The scalar products of these unit vectors are

easy to evaluate and are equal to

>
>
>
>



1.2.4. Vector Product

The components of the vector C, which is the vector product of vectors A and B, can be

calculated using the distributive properties of the vector product:

AxB = (Af+Aj+ak)x(Bi+Bj+Bk)=

= AxBx(fx?)+AyBy(]‘><}')+AZBZ(I€><%)+
HAB,-AB )i x))+(AB,~AB.)ixk)+
+(Asz - Asz )( }

X
xl%):

= (Asz _Asz); + (Asz _AxBZ)3 + (AXBY _AYB")k

In this derivation we have used the fact that the vectors i, }', and k are perpendicular to each
other and have unit length. The vector products of these unit vectors are easy to evaluate and are
equal to

The expression of the vector product of A and B in terms of the components of these vectors

can be neatly rewritten as a determinant:

ik
AxB=|A, A, A
X By Bz

Example: Problem 1.4
Use the vector product to find the components of the unit vector n perpendicular to the plane
shown in Figure 1.6.



(0,0,3)

(0,2,0)

(1,0,0)

Figure 1.6. Problem 1.4

The orientation of a plane in three dimensions is completely determined by specifying two
vectors that are parallel to this plane. Two possible vectors are the vector A , connecting (1,0,0)
and (0,2,0), and the vector B, connecting (1,0,0) and (0,0,3). The vector product of A and B is
a vector C which is perpendicular to both A and B. The vector C will therefore be pointing in
the same direction as 7. Using the definition of the vector product in terms of the components of

vectors A and B we can calculate C:

k
0|=6i +3]+2k
3

O N o

The length of the vector C is equal to
C|=+6"+3"+2° =7

The unit vector 7 is parallel to C and has a length equal to 1. Therefore



1.3. Vector Transformation

The three coordinates required to specify the direction and length of a vector are not uniquely
defined. The same vector will in general have different coordinates in different coordinate
systems. There is an infinite number of ways to choose a coordinate system, although the choice
of the coordinate axes is usually influenced by the symmetry of the problem. Figure 1.7
illustrates two possible choices of the y and z axes. Coordinate system S is defined by the x, y,
and z axes. Coordinate system S' is defined by the x', y', and z' axes. Coordinate system S'can
be obtained by rotating coordinate system S through an angle ¢ around the x axis.

Figure 1.7. Coordinate Transformation.

The angle between the vector A and the y axis is equal to 6. The y and z coordinates of the

vector A are therefore equal to
A, =|A|-cosf

A =|A|-sin6

The angle between the vector A and the y' axis is equal to 8'=60 —¢ . The y' and z' coordinates

of the vector A are therefore equal to
A,'=Al- cos(6") = Al- cos(6 - 9)
A=ll-sin(6") = lAl-sin(o ~¢)

Using simple trigonometric relations we can obtain the component of the vector A in S'in terms

of the components of the vector A in S:

A,'=A] {cosBcosg + sinB sing} = A cosg + A_sing



A'=A|- {~cosBsing + sinb cosp } = —A, sing + A_cos¢

These relations show, not unexpectedly, that the coordinates of the vector A in coordinate

system S are related to the coordinates of vector A in coordinate system S'. This relation can be

A [ cosp  sing A,
A') \=sing cos¢ )| A,

The rotation of the coordinate system S around the x axis leaves the x axis unchanged. The x

rewritten in matrix notation as

coordinate of any vector in S will therefore be equal to the x' coordinate of this vector in S'. The

three dimensional version of this coordinate transformation is therefore given by

A 1 0 0 |[A,
A'|=|0 cosp sing || A
A 0 —sing cos¢ )| A,

The rotation of the coordinate system § around the x axis will not change the length of the vector
A . This can be verified by calculating the length of the vector A in coordinate system S. This

length is equal to
|Ag|= A} + A} + A

The vector A in coordinate system S' is specified by the following coordinates:

A' A
A'|=| A cosp+ A ssing
A —A, sing + A cos¢

The length of A in coordinate system S' is defined in terms of its coordinates in S' as

I | :\/Ax'2+Ay'2+Az'2

Using the relation between the coordinates of A in S' and the coordinates of A in S we obtain

2

|st| = ‘/Ax2 + (Ay cosg + A, sinq))2 + (—A), sing + A, cos¢)

= ‘/Af +A +A] :|ZS|

- 10 -



In general the coordinate transformation describing a rotation around an arbitrary axis can be

written as

R A + nyAy + szAz
y yx yy yz y = Ry-‘fo + R)’)’A,V + R‘ZA Z
AZ szAx + RzyAy + RZZAZ

X R.’CX RX)' RX 74 A.’C
R A

S
=
=

Z X 2y Z

or, more compactly,

where A| = Ay, A2 =Ay, and A3 =4,

1.4. Differential calculus

The derivative df/dx of a function fx) tells us how rapidly the function varies when the

argument x is changed by a tiny amount dx:

o= (i)
A position dependent scalar function in three dimensions f(x, y, z) will in general be a function of
three variables. The variation of f(x, y, z) between two closely spaced points depends not only on

the distance between the two points, but also on their orientation. In this case, the theorem of

partial derivatives can be used to calculate the change in f(x, y, 2):

df = (afjd +[ade +(afjdz
dy 0z

This equation can be rewritten as:

df = ((af) (gﬁ] +(g—gicj-((dx)f+(dy)}'+(dz)i<)

The first term in this expression is called the gradient of f, written as Vf, and is defined as

or- () (2
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The second term is called the infinitesimal displacement vector d/ which is equal to
dl = (dx)i +(dy)j+(d2)k
The change in the scalar function f can thus be written as
df =Vfed

From the definition of the gradient V it is clear that it is a vector. The direction of Vf points
in the direction of maximum increase of the function f. This follows immediately from the

expression of df in terms of Vf:
df =V edl =|Vf|-|dI|- cos®

The change in f, df, will be maximum when 6 = 0°. In this case, Vf and dI are parallel. The
magnitude of Vf gives the slope of the function f along the direction of maximum change. If
the gradient of f vanishes at a certain point then the function f has a maximum, a minimum, a

saddle point, or a shoulder at that point.

Example: Problem 1.13
Let 7 be the vector from some fixed point (x,,y,, z,) to the point (x, y, z), and let r be its
length. Show that

a) V(r’)=2F

-1 7
r r
¢) What is he general formula for V(r") ?

a) The vector 7 is equal to
r :(x—xo)f + (y —yo)}'+(z —zo)lg

The scalar function 72 is equal to the square of the length of the vector 7 and will be a function
of x,y,and z
2

r :(x_xo)2 +(y_y0)2 +(Z_Z0)2
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The gradient of 72 can be obtained using the following partial derivatives:

or’

T~ A=)
or’

R, VI
Jy (y yo)
82

7 e

The gradient of 72 is equal to

= or*, or’, or’
Vr? = |+  +
: o dy / 0z

Z2=
= 2(x_xo)2 + 2()’_)’0)} + Q(Z _Zo)2 =2r7
where 7 is the unit vector in the direction of 7 .

b) The scalar function 1/r can be written as

1

Ja—x ) +-3) +z-z)

1
»

The gradient of 1/r can be obtained using the following partial derivatives:

8(1)_ —~(x—x,)

ax\r _((x—xo)2+(y—yo)2+(Z‘Zo)2)

3/2

d (1 _(y_yo)

5(?): ((x=x) +(v=3) +(z=2))

3/2

3 1 _ —(z—zo)
&(J (=5 +(=0) +(-2))

The gradient of 1/r is thus equal to

- 13 -



<

OISV IR
r _axrl+8yr]+azr B
(x—xo)? +(y_y0)} +(Z _Zo)iC

_((x—x0)2 +(y—y0)2 +(Z —20)2)3/2 )

’7
3

-
2

~

r

¢) The most general form of V(r") can be guessed by comparing the results obtained in part a)

and b). These answers suggest that the general form of V(r") is given by
v(r") =nr" 7

The operator V has the formal appearance of a vector and can be written as

v_o;9 .9 ;9
o Ty TR

The operator V is also called the vector operator. If V behaves like a vector than we expect

that Vf behaves like a vector, and consequently rotates like a vector.

Example: Problem 1.14

Suppose that f is a function of two variables (y and z) only. Show that the gradient Vf
transforms as a vector under a rotation about the x axis.

Consider a coordinate system § with x, y, and z axes. Coordinate system S is related to a

coordinate system S' via a rotation by an angle ¢ about the x axis. The y and z coordinates of a

vector in § are related to the y'and z' coordinates in S":
y' cos¢ sing\(y ycosg + zsin¢g
z') \—=sing cosp)\z) \—ysing+zcos¢

The gradient of fin the (y, z) frame is equal to

The gradient of fin the (y', z') frame is equal to

- 14 -



If Vf transforms like a vector than the components of V' must be related to the components of

Vf in the following manner:

ai _a_f a_f M
3y~ dy cos¢ + Y sin¢
a_f —_— a_f 1 a_f

97 PR sin¢ + 32 cos¢

Using standard differential algebra we obtain the following relations for df/dy' and df/dz":

¥ vy an
dy' dydy' 0z dy'

¥ U ¥
dz dydz' 0z 9z
To evaluate dy/dy', dy/dz', dz/dy', and dz/dz' we must express y and z in terms of y'and z'. This
can be achieved by manipulating the following two relations:
y'=ycos¢ + zsing

Z'=—ysing + z cos¢

After a little algebra we obtain for y and z
y=y'cos¢p —z'sin®

z=y'sin@® + z'cos¢

Using these two relations we now can calculate the various partial derivatives of y and z:

9 _ 9w
ay,—cosqb 9 sin¢
Jz . z
a—y,—smq) a_Z'_COS¢

Using these partial derivatives we can now express vf " in terms of Vf:

- 15 -



ny':% = cosq)g—];+ sin@ gﬁ = cos¢(7fy)+ sin(vfz)

= . d d ad — —
sz‘:a—g :—singba—g + cos¢a—]; :—sin¢( ny)+ cos(sz)
These last two equations clearly show that Vf rotates like a vector.

If V mimics a vector it may be used in vector multiplication. Three different types of vector

multiplication can be carried out using V :

1. scalar multiplication with scalar function f, V£, also called the gradient of f.

2. dot (scalar) product with vector function v, V e 7, also called the divergence of v.
3. cross (vector) product with vector function v, V x 7, also called the curl of v.

We will now discuss in detail the divergence and curl of v.

14.1. The Divergence

The divergence of a vector v is defined as

Vev

(%+ }-a—ay+ /ea%)-(vx; by Javk)=

v, a_v v,

Y

8_x+ dy +¥

and is a scalar. The geometrical interpretation of the divergence of a vector function v can be

obtained by considering three special cases. First consider the vector function defined as
T/(x,y,z) = xi + yj’ + 7k
This vector function v is shown at a few points in the x-y plane in Figure 1.8a. The divergence

of v is equal to

ox 9y, 0z

VOV:
ox dy 0z

=1+1+1=3

- 16 -



Now consider a vector function v defined such that the vectors point toward the origin (see
Figure 1.8b):

T/(x,y,z)= —xi —y}' —zk

For this vector function the divergence is equal to

Teo o=x) d(-y) d(==z)_ ., . .
Vev= ox " ady ¥ iz ==
A A .

> X X > X > X

Figure 1.8. Various vector functions discussed in the text.

Finally consider the case in which the vector function v is a constant vector of unit length along

the y axis (see Figure 1.8c), independent of position:

A

V(x,y,z)= J

For this vector function the divergence is equal to

Guy_20) , 201) _3(0)

= =0
ox dy 0oz

We conclude that the divergence of a vector function v evaluated at a particular point P is a

measure of how much the vector function v spreads out:
1. Ve¥ >0: vector function v is spreading out.

2. Vey <0: vector function v is narrowing in.

- 17 -



3. Vey =0: vector function v is not spreading out or narrowing in.

One vector field that we will be using frequently is the electric field E. The three cases just

discussed are relevant in electrostatics:
1. the divergence of E generated by a positive point charge is positive (see Figure 1.9a).
2. the divergence of E generated by a negative point charge is negative (see Figure 1.9b).

3. the divergence of E generated by an infinitely large parallel-plate capacitor is zero (see
Figure 1.9¢).

b)

a)
~ ' NV S

< 0 —» —> @ =«

SN N

Figure 1.9. a) Electric field generated by a positive point charge. b) Electric field
generated by a negative point charge. c) Electric field generated by an infinitely large

parallel-plate capacitor.

Example: Problem 1.17
In two dimensions, show that the divergence transforms as a scalar under rotations. Hint: use

the method of Problem 1.14 to calculate the derivatives.

If the divergence of a vector function v transforms as a scalar under rotation then the
divergence of v in a coordinate system S(x,y, z) must be identical to the divergence of v in a

coordinate system S'(x', y', z'). This requires that

dv, dv, dv. 9Jv' v, o
8x+8y+8z_8x'+ ay'+az'

Consider a rotation about the x axis. In this case, x =x'and vy = vy, and consequently

- 18 -



X

ox  ox'

v,

The y' and z' components of vector V' are related to the y and z components of vector v in the

following manner:
. .
V,'=v, cos@ + v, sing

v,'=-v sing +v_cos¢

The partial derivative of vy' with respect to y'is equal to

% aV ay E)v 81 av ay av az
dy' 8y ay oz a cos + a E)y 0z ay sin¢

Using the expressions for dy/dy' and dz/dy' obtained in problem 1.14 we can rewrite this
expression as
v, v,

g v, av, av,
= —=cos q) +—=cos¢ sin$ + — cos¢ sinp + —sin q)

dy' dy 0z dy 0z

In a similar manner the partial derivative of v;' with respect to z' can be obtained:

v, v, v,
7' ay

v, av,
—cos¢ sin¢ — PR ——cos¢ 51n¢+a—zcos (0]

Combining these last two equations, we obtain

M Mg+ sin®e)
o "9z dy cos ¢ +sin“ @)+

v dv, dv
—(cos’ ¢ + sin*¢) == + —=

az( ady " 0z

and therefore, the divergence of a vector function v translates like a scalar under rotation.

1.4.2. The curl

The curl of vector function v is equal to

T v, % {av a_Vj v, E)vxl2
8y 0z 0z Ox ox dy
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The curl of a vector function v evaluated at a certain point P is a measure of how much the
vector function v curls around this point. For the vector functions v shown in Figure 1.8 the

curl is zero.

Example: The magnetic field
Consider a wire of radius R carrying a current / along the z axis. The magnetic field

produced by this wire depends only on the distance to the center of the wire. Its strength is equal

to
B(r)=Ho! >R
2mr
B(r):‘u—OIL2 r<R
2nr R

and its direction is tangent to the circle centered on the wire (see Figure 1.10).

Ay

YL
U

Figure 1.10. Magnetic vector field.

The magnetic field is a vector field, and the vector function is equal to

—_ _ ‘U,OI y - X ~ 2 2
B(x,y,z)——zﬂm[—‘/ml —‘/szsz} x*+y 2R
E(x,y,z)zzl;();z [yf—x}'] x2+y2 <R

In order to calculate the curl of B at r > R we have to evaluate 0By/dx and dB,/dy atr > R:

- 20 -



OB, pl | y | mlI| 1 20 | ud X =y’
dy 2may|x’+y| 2m|x*+y’ (x2+y2)2 2 (x2+y2)

2

0B, :‘uoli_ —-x ol -1 2x° _ Mol x* -y
ox 2mox|x’+y' | 2= _x2+y2 (x2+y2)2_ 2 (x2+y2)

2

The curl of B at r > R is thus equal to

~ Wl Xy -y .
k= - k=0
7 () (@)

VXE:(

0B, 0B,
dx  dy

In order to calculate the curl of B at r < R we have to evaluate 0By/dx and dB,/dy atr < R:

aﬂ; Mol i[ ]= Mol
dy 2nR’ dy 27k’

JB
b Mol 0y Ml

ox  27R® ox 2R

The curl of B at r < R is thus equal to

Vxp=| % 9B N:( bl (L] Dﬂz“—o’zy
ox 9y 2nR’ 27R’ nR’

These calculations suggest that the curl of B evaluated at a certain point is proportional to the

current density at that point: outside the wire (r > R) the current density is 0, while inside the

wire (r < R) the current density is I/(7R2).

1.4.3. Product Rules

Without proof I mention the following product rules involving V that will be used frequently

in this course:

1. V(fg)=f-Vg+g Vf:fand g are scalar functions

2. V(KOE):ZX(VXE)+EX(VXK)+(KOV)§+(§OV)K: A and B are vector

functions
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Ve(fA)=f (V e A ) + A e Vf: fis ascalar function and A is a vector function

VO(AXE):EO(VXZ)—ZO(VXE): A and B are vector functions

Vx(fA)=f (V X A ) + A x Vf: fis a scalar function and A is a vector function

V x (A X B) = (B 3 V)A —(A . V)B + A(V . E)— E(Vo Z): A and B are vector functions

1.4.4. Second derivatives

By applying V twice we can construct five species of second derivatives:

. The divergence of a gradient:

(V)= Ti+A'i+l€i . A‘a—T+A'a—T+IA<a—T —82T+82T+82T—V2T
-\ Ty Tz )" ax T oy TN ) T o Ty T e

where T is a scalar function of x, y, and z. VT is also called the Laplacian of 7.

. The curl of a gradient (is always zero):

V x (VT) =0
This can be shown easily:

[V x (VT)L = %(VT)Z - a%(VT)y = %(a% T] - a%(% T) =0

. The gradient of a divergence:

V(Vevp)

. The divergence of a curl (is always zero):
Ve (V XV ) =0

This can be shown easily:

=22 -



ox
d(av. adv,) 0 (av av,) a(dv, v

- z_ Y 4= S A L _ X 1=
ox\dy dz ) dy\dz odx/) dz\odx Oy

5. The curl of a curl of a vector function v can be expressed in terms of the Laplacian and the

gradient of the divergence of v:

1.5. Integral calculus

Consider a one-dimensional function df{(x)/dx to be integrated between x = a and x = b. This

integral can be obtained using the fundamental theorem of calculus, which states that

[ L = ) - @

In three dimensions this fundamental theorem is replaced by the fundamental theorem for

gradients, which states that
['VTedi=1(b)-1(a)

In a one-dimensional world there is just a single path from a to b. In a three-dimensional world
there are an infinite number of ways to move from a to b. Nevertheless, the line integral of VT
depends only on the function values at the end points and not on the path chosen. Thus we

conclude:

b— -
1. The line integral J VT edl is independent of the path chosen between a and b.
2. The line integral §VT e dl around any closed loop is zero.

Example 1.6
Although the line integral of the gradient of a vector function is independent of the path, the

same is not true for arbitrary vector functions. Calculate
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jbv-di froma=(1,1,0)to b =(2,2.,0)

for the vector function v = yzz‘/ +2x(y+1)y. Do it first by path (1), shown in Figure 1.11, and
then by path (2).

Figure 1.11. Example 1.6

Consider first path (1). The first part of this path is parallel to the x axis (y = 1) and along

this segment the scalar product between v and dl is equal to

A

vedl =(y2f + 2x(y + 1)])0 (dxf) =y dx =dx
The line integral along this segment is equal to

j((z’l’o)v-dizfdxzz—lzl

1,1,0)

The second part of path (1) is parallel to the y axis (x = 2) and along this segment the scalar

product between v and dl is equal to

A

veodl =y’ +2dy+1)7)e () = 2x{y +1)dy = 4y +1)dy
The line integral along this segment is equal to

j((z’l’o)v odl = _[124(y +1)dy = (2" + 4)’)‘12 =16-6=10

1,1,0)
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The line integral of v along path (1) is equal to the sum of the line integrals along the two
segments, and is thus equal to 1 + 10 = 11.
Consider now path (2). Along this path the x and y coordinates are equal (x =y and dx =dy).

The displacement vector dl along this path is equal to
dl = dxi + dxj
The scalar product between v and dl along path (2) is equal to
vedl =(y2f + 2x(y + 1)})0 (dxf + dx]A') = (y2 + Zx(y + 1))dx :(3x2 + 2x)dx
The line integral along segment (2) is equal to

RN - 2
[ edi = [ (3% + 2x)dr = (x* +2*) =12-2=10
(1,1,0) 1 1

Comparing the line integral of v for path (1) and the line integral of v for path (2), we conclude

that for the vector function v the line integral is path dependent.

In a three-dimensional world we can have, besides line integrals, surface integrals and
volume integrals. Various fundamental theorems can simplify the calculation of surface and
volume integrals. For example, the fundamental theorem of divergences states that the
integral of a divergence of a vector function v over a volume is equal to the surface integral of
the vector function v over the surface that bounds the volume:

[ (Vev)dr=§ veda

Volume Surface

The right-hand side of this equation is called the flux of v through the surface that bounds the
volume. The vector da is a vector whose magnitude is equal to the area of an infinitesimal
surface element and whose direction is perpendicular to the surface, pointing outwards. The left-
hand side of this equation represents a source term (for example, V o E integrated over a

volume is proportional to the total charge present in that volume).
Example: Problem 1.32
Test the divergence theorem for the function v =xyf + 2yz} + 3zxk . Take as your volume the

cube shown in Figure 1.12, with sides of length 2.

The divergence of v is equal to
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- dv. Odv, v
Veyv=—"2+—24+—2=y+27+3
* ox dy 0z yreema

The volume integral of V e ¥ over the volume of the cube is equal to

J (Vev)dr

Volume

Jj dxj: dij (y+2z+3x)dz =

Jj dxj: (2y+4+6x)dy =

[J12+120)dr =48

Figure 1.12. Problem 1.32.

To evaluate the surface integral of v across the surface of the cube, we have to consider each of
the six faces separately. Start with considering the face of the cube in the x-y plane (with z = 0).
The vector da of this surface is equal to da :—dxdylg. The scalar product of v and da is equal

to

veda = (xyf +2y7) + 3le%) o (—dxdyk )= -3zxdxdy =0

In the last step we have used the fact that z = O on this face. For the same reason the scalar
product of v and da is equal to zero on the face in the x-z plane and on the face in the y-z plane.
On the face of the cube parallel to the x-y plane and with z = 2 the scalar product of v and da is

equal to

Ve da =(xyi +2yz) + 3zxk)e (drdyk) = 3zxdxdy = 6xdxdy
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The surface integral of v over this face is equal to

[ veda= jj dx j026xdy - J0212xdx —24

Surface

On the face the cube parallel to the x-z plane and with y = 2 the scalar product of v and da 1is

equal to

Ve da =(xyi + 2yz] + 3zxck) e (dxdz)) = 2yzdxdz = 4zdxdz
The surface integral of v over this face is equal to

[ veda= j:dxjj4zdz =j02 8dx = 16

Surface

On the face of the cube parallel to the y-z plane and with x = 2 the scalar product of v and da is

equal to

veda = (xyf + 2yzj + 3ZJC/%) . (dydzf )= xydydz = 2ydydz
The surface integral of v over this face is equal to

[ veda= jj dyjozzydz, = j024ydy 8

Surface

The surface integral across the surface of the cube is equal to the sum of the surface integrals
across each of the 6 faces of the cube, and is thus equal to 24 + 16 + 8 = 48. This is equal to the

volume integral of V e ¥ over the volume of the cube.

The fundamental theorem for curls, also known as Stokes' theorem, states that

[ (Vxv)eda= § ved

Surface Boundary

Here, da is an infinitesimal surface element. It is a vector whose magnitude is equal to the area
of the surface element and whose direction is perpendicular to the surface. The vector dl is
tangential to the boundary of the surface. The orientation of the surface vector da and the
direction of integration of the boundary should be consistent with he right-hand rule. The

following two corollaries follow from Stokes' theorem:
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1. J. (V XV ) e da depends only on the boundary line, not on the particular surface used.

Surface

2. §; (V XV ) e da =0 around any closed surface.

Surface

Example: Problem 1.33
Test Stokes' theorem for the vector function v :xyf + 2yz}+ 3ok using the triangular
shaded area shown in Figure 1.13.

The curl of v is equal to

V X7 =—2yi —3z] —xk

L,
v 4

N
D D

AN

Fig.1.13. Problem 1.33.

The surface vector da is perpendicular to the surface and is equal to da =dydzf . The scalar

product between V x ¥ and da is equal to
(Vx7)eda =(~2yi —32) —xk)e dydzi = —2ydydz

The surface integral of V x ¥ is equal to

[ (Vxv)eda=[ay| 2ydz=[ 2y 2ay = _g

Surface

To evaluate the line integral around the boundary of the surface we have to evaluate the line

integral along each of the three sides of the triangle. The direction of evaluation of the integral
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must be consistent with the chosen direction of da. The right-hand rule requires that the line
integral is evaluated counter clockwise. First consider the segment between (0, 0, 0) and (0, 2,

0). Along this segment dl = dy}'. The vector product between v and d! is equal to

vedl =(xyf + 2yz}' + 3le€)0 (dy]A') =2yzdy=0

since z = 0 along this segment. The line integral along this segment is therefore equal to zero.
Now consider the line segment between (0, 2, 0) and (0, 0, 2). Along this segment y +z = 2
and dl = dy}' - dylg. The vector product between v and dl is equal to

vedl :(xyf + 2y7) + 3le€) J (dy}' — dylAc) =2yzdy — 3zxdy = 2yzdy

since x = 0 along this segment. Along this segment z =2 - y and thus
vedl =2y(2—y)dy =(4y—2y*)dy

The line integral of v along this segment is thus equal to

0

R A2 _ 2_% 3
J vtdl—L(4y 2y )dy—(Zy y)z 3

3

Segment?2

Note: the limits of the integral are chosen such that the line integral is evaluated in a counter
clockwise direction. The third segment of the boundary to be considered connects (0, 0, 2) and
(0,0,0). The vector di along this segment is equal to dl = —dzk . The vector product between

v and dl is equal to

vedl :(xyf + 2y7) + 3z,xl€)o (—dzlg) =—-3zxdz=0

since x = 0 along this segment. The line integral of v is therefore equal to zero. The line
integral along the boundary of the surface is equal to the sum of the line integral of along each of

the three segments. Thus

j Gedi=0-S10=-3
3 3

Boundary

which is equal to the surface integral of V x 7.
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1.6. Curvilinear coordinates

The Cartesian coordinate system is a coordinate system that is often used in calculations
involving systems with no apparent symmetry. To describe systems that have spherical or
cylindrical symmetry it is often more convenient to use spherical coordinates or cylindrical

coordinates, respectively. These two coordinate systems will be discussed in this section.

1.6.1. Spherical coordinates

Spherical coordinates are always used when the system under consideration has spherical
symmetry. The location of a point P (see Figure 1.14) is completely determined by specifying
the following three coordinates:

1. r: the distance between the origin and P.

2. 0: the polar angle which is the angle between the vector P and the z-axis (see Figure 1.14).

3. ¢: the azimuthal angle which is the angle between the projection of the vector to P in the x-

y plane and the x axis.

A:

Figure 1.14. Spherical coordinates.

In general, any vector A can be expressed in terms of these three coordinates:

A=AF+A0+Ad
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In contrast to the unit vectors i , }', and k in a Cartesian coordinate system, the unit vectors 7,

0, and ¢3 in a spherical coordinate system are not constant; they change direction as P moves
around.

Consider a point P (see Figure 1.14) which is defined by the three spherical coordinates (r,
0,and ¢). The corresponding Cartesian coordinates are

x =rsin@cos¢@
y=rsinfsin¢
z=rcos0

The unit vectors in the spherical coordinate system can be calculated as follows:

1. 7: The direction of this unit vector points from the origin to point P:

A

r= %(xi + y]A' + zlAc) :(sin9 cosq))g + (sinO Sin‘l))} + (COSQ)IAC

2. 0: A change d@ in the polar angle 8 will cause a change in the direction of the vector P,
without changing its length:

dP = (r cos6 cospdO ); + (r cos6 sin¢d0)}' —(rsin6d0 )k

The unit vector é 1s defined as

| 8

6 = |=(cos(9c0sq))§+(cos€sin¢)}—(sin@)lAc

|

|d

»
-

: A change d ¢ in the polar angle ¢ will cause a change in the direction of the vector P

without changing its length:
dP = —(r sin@ sin(/)d(]))f + (r sin@ cosgbd(p)}'

The unit vector ¢3 is defined as

QL
|w|

= —(sinq))? + (cosq))}'

<
I
5

- 31 -



The expressions for 7, 0 , and gz3 clearly show that the direction of these unit vectors depends on
the point being described. In contrast, in a Cartesian coordinate system the direction of the three
unit vectors is fixed, and independent of the point being described.

An infinitesimal element of length in the 7 direction is simply dr:

dl. = dr

The length of an infinitesimal element of length in the 6 direction (as a result of a change in the

polar angle of d8) is equal to

dl, = \/(rcosBcosq))2 +(rcos@sin (1))2 +(=rsin8)’d6 = rd6

The length of an infinitesimal element of length in the (]3 direction (as a result of a change in the

azimuthal angle d ¢) is equal to

dl, = \/(—r sin@sing)” + (rsinBcos )’ de = rsin 6de
The most general infinitesimal displacement is thus equal to
dl=dr-+rd6-0 + rsinfd¢- ¢

and this expression is used to evaluate line integrals in spherical coordinates. The infinitesimal

volume element d7, in spherical coordinates, is the product of dI , dl,, and dlq,:

dt = r* sin6drd6de

There is no general expression for an infinitesimal surface element da since it depends entirely
on the orientation of the surface. For example, consider the surface of a sphere of radius ». On
this surface r is constant, and the orientation of the surface is perpendicular to 7. In this case da

is equal to
da =dlydl,7 = (r* sin6d6dg)r

Most calculations in spherical coordinates involve the application of vector derivatives. I
will therefore summarize here, without derivation, the vector derivatives in spherical

coordinates:

1. the gradient of a scalar function 7
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oT laTé 1 a_TA
r r d6 T sin6 09

2. the divergence of a vector function v:

d . 1 o0
a—e(smeve) +m£(\/¢)

rv
r° or " rsin@

3. the curl of a vector function v:

_ 1 (ay. J R J 5
Tt = gl gt g e )5

20,6

r

4. the Laplacian of a scalar function 7

2
VZT:%i(rZa—T)+ 21. i(sin@a—T)+—2 .12 8—721
reor\" dr) r°sinf 06 00) r”sin“ 0 d¢

1.6.2. Cylindrical coordinates

Cylindrical coordinates are always used when the system under consideration has cylindrical

symmetry. The z axis is defined such that it coincides with the center axis of the cylinder. The

location of a point P (see Figure 1.15) is completely determined by specifying the following

three coordinates:

1. r: the distance between P and the z axis (see Figure 1.15).

2. ¢: the azimuthal angle which is the angle between the projection of the vector to P in the x-y

plane and the x axis (see Figure 1.15).
3. z: the z coordinate of point P (see Figure 1.15).

In general, any vector A can be expressed in terms of these three coordinates:

A=AF+A¢+AZ
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However, the unit vectors 7 and ¢ are not constant; they change direction as P moves around.

A:

Figure 1.15. Cylindrical coordinates.

Consider a point P (see Figure 1.15) which is defined by three spherical coordinates (r, ¢, and 7).

The corresponding Cartesian coordinates are

X=rcosf
y=rsing
2=z

An infinitesimal change in r, ¢, or z will produce the following infinitesimal displacements:

dl, = dr

dl, = \/(—rsin )’ +(rcos)’de = rdp

dl, = dz

The infinitesimal displacement vector, to be used when evaluating line integrals in spherical

coordinates, is equal to

dl =dl 7 +dl,¢ + dlZ = dri + rdpp + dzZ

The infinitesimal volume element d7, to be used in volume integration, is equal to

dt =dldl,dl. =rdrd¢dz
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The infinitesimal area element da , to be used in surface integration, is not uniquely determined
and depends on the orientation of the surface. For example, if we carry out a surface integration
over the surface of a cylinder of radius r (fixed), the infinitesimal surface element to be used is

equal to

da =rd¢dzr

Most calculations in cylindrical coordinates involve the application of vector derivatives. I will

therefore summarize here, without derivation, the vector derivatives in cylindrical coordinates:

1. The gradient of a scalar function 7

o vor, o
B rr+r5(/)¢+ 3z ©

2. The divergence of a vector function v:

Ver=12 ()41 9, )4+ 2
Vev= rar(rvr)+ra¢(v¢)+az(vZ)

3. The curl of a vector function v:
— 1 0 0 . d 0 ~ 1[0 d .
V xv= (;ﬁ(vz)—a—z(vtp)]r + (a—z(vr)—g(vz))q) + ;(E(rv(p)—w(vr))z

4. The Laplacian of a scalar function T:

2 2
va = li(ra_Tj+iza_€+a_§
ror\_ or) r d¢- 0Jz

Example: Problem 1.42
a) Find the divergence of the function

v =r(2+ sinzq))f’ + rsing cosgd + 322

b) Test the divergence theorem for this function, using the quarter-cylinder (radius 2, height 5)
shown in Figure 1.16.
¢) Find the curl of v.
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Figure 1.16. Problem 1.42.

a) To determine the divergence of v we have to calculate the following partial derivatives:

o) = 2 (2 sin0)) = 2r(2 45 )
r r
2.4 2 singenso) =l -2
d d (52
a_Z(vz) = a_z(3z )=3

Using the definition of the divergence of v in terms of cylindrical coordinates we find that
Ve =2(2+sin’¢)+(1-2sin’¢)+3=5+3=8
b) The volume integral of the divergence of v is equal to
Vev)ar = [ rdr(?do[ 8dz =40 ar[> do = 40.2.F = 40
J(7oshie = rarff a0 stz a0 arf =402 %= o
To calculate the surface integral of v we have to consider 5 different surfaces:

1. The surface parallel to the x-y plane at z = 0. The infinitesimal surface element for this

surface is equal to

da =—dr(rd¢)?
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(Note: the direction of da is perpendicular to the surface and pointing outwards). The scalar

product between v and da is equal to
v eda=-3zdr(rdg)=0

since z = 0 on this surface. The surface integral of v across this surface is therefore equal to

Z€10.

. The surface parallel to the x-y plane at z = 5. The infinitesimal surface element for this

surface is equal to
da =dr(rdg )2

The scalar product between v and da is equal to

v e da =3zdr(rd¢) = 15dr(rd¢)

since z = 5 on this surface. The surface integral of v across this surface is equal to

[veda= jozdrjflsrdq) - joszﬂdr 157

. The surface in the x-z plane with ¢ = 0. The infinitesimal surface element for this surface
is equal to

da =—drdz¢
The scalar product between v and da is equal to

veda=-rsingcosgdrdz =0

since ¢ =0 on this surface. The surface integral of v across this surface is therefore equal to

Z€10.

. The surface in the y-z plane with ¢ = ®/2. The infinitesimal surface element for this

surface is equal to
da =drdz¢

The scalar product between v and da is equal to
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veda=rsingcos¢drdz =0

since ¢ = /2 on this surface. The surface integral of v across this surface is therefore equal

to zero.

5. The cylinder wall (r = 2). The infinitesimal surface element for this surface is equal to

da =rdodzr
The scalar product between v and da is equal to

v e da = r(2+sin’ ¢)rdgdz = (8 + 4sin’ )d¢dz

The surface integral of v across this surface is equal to

[7eda joz dg [ (8+ 4sin’ p)dz = 5j§(8 +4sin’ ¢)d¢ =
=5 J?(lO —2c052¢)d¢ = 5(10 — sin 2¢>)|§ =257

The surface integral of v across the whole surface is equal to the sum of the surface integral of v

across each of these five surfaces:

jv-da:o+15n+o+o+25n:40n

which is equal to the volume integral of Ve

1.7. The Dirac delta function

Consider the vector function v(r,0,0):
- 1,
WroP)= P

Consider the surface integral of v(r,¢,0) across the surface of a sphere of radius R. The surface

element vector da for this surface is equal to

da =R’ sin@d0d¢r

The scalar product of v(r,¢,0) and da is equal to
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v eda =sinBd0d¢
The surface integral of v(r,¢,0) across the surface of this sphere is equal to

[veda=] sin0a6][ " dp =2z sin6d6 = ar

and is independent of R. Applying the divergence theorem we conclude that

J (Vov)d1:4ﬂ

Volume

for every sphere, centered on r = 0, and independent of the radius R. This suggests that the only
contribution to the volume integral of V ¥ comes from a single point at = 0. The divergence

of v is zero at every point except at r = 0:

At r =0, the divergence of v is undefined since 0/0 is undefined.
The function (7 oV ) / 4z is called the Dirac delta function &(7) and will be used frequently

in this course. The Dirac delta function has the following properties:

J o(r)dt =1 for any volume that includes r = 0

Volume

J o(F)dt =0 for any volume that does not include r = 0

Volume

The Dirac delta function &(7) is thus defined as

5(7):&%(&)

r

In Problem 1.13 we showed that the gradient of 1/r is equal to — /. This relation can be used

to rewrite the expression for the Dirac delta function as

50)= V(¥ (})

In this section we will discuss the use of the one- and three-dimensional Dirac delta functions.
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1.7.1. The one-dimensional Dirac delta function

The one-dimensional Dirac delta function 8(x) is defined as

o(x)=0 if x=0

O(x)=e if x=0

and its integral is equal to

[ 8(x)ax =1

Any integral of 6(x) between x = a and x = b will be equal to 1 if a <0 < b.

Every time we will be using the Dirac delta function it will be used as part of the integrand of

an integral. For example:

b)

c)

d)

b)

J_f08()dx= [ f©05(x)dx = f(0)]_8(x)dx = £(0)

Example: Problem 1.43

Evaluate the following integrals:

[[(3x* ~ 22~ 1)3(x - 3)ax

JS cosx-O(x —m)dx

0

J: x* - 8(x +1)dx
J: In(x +3)-6(x +2)dx

The Dirac delta function 6(x —3) will be O for all x except x = 3. The limits of the integral
include x = 3. Thus

[ (3x* = 22 = 1)8(x - 3)ar = 3(3)’ = 2(3) - 1=20
The Dirac delta function 6(x — ) will be 0 for all x except x = t. The limits of the integral

include x = . Thus
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chosx -O(x—m)dx =cosm=-1

¢) The Dirac delta function 6(x+1) will be O for all x except x = - 1. The limits of the integral

do not include x =- 1. Thus
ij3 O(x+1)dx=0

d) The Dirac delta function §(x +2) will be O for all x except x = - 2. The limits of the integral

include x =- 2. Thus

j_i In(x+3)-8(x+2)dx=1In(1)=0

Note: Most mistakes made in the evaluation of integrals containing the Dirac delta function
occur when the argument of the Dirac delta function has a form other than (x + @). This is best

illustrated by looking at the following example:

[ 8Gx)ax =] 8(3x) 3x) j 8(y

1.7.2. The three-dimensional Dirac delta function

The three-dimensional Dirac delta function &°(F) = 8(x)8(y)6(z) is zero everywhere except
at 7 =0 (x =0,y =0,z=0). Every time we will be using the three-dimensional Dirac delta

function it will be used as part of the integrand of an integral. For example:
[, 1718 (P)dz = £(0)
if the integration volume V includes 7 = 0.

Example: Problem 1.47a

Evaluate the following integral:
Jv(rz +Fer+1," )5 (F—1)dt

The Dirac delta function is zero everywhere except at r = r,. The volume integral is thus equal

to
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2, == 2\Q3(= = 2 = = 2 _ A2
J.V(r +rer +r, )5 (F—r)dt=r+F ek +r, =31,

1.8. Helmholtz Theorem

Consider being told that the divergence of a vector function F is the scalar function D and
that the curl of the vector function F is the vector function C . Is this sufficient information to
determine the vector function F uniquely?

The vector function F satisfies the following relations:

<l
Bl

=D

<
ol
I

X C

The divergence of C must be zero since the divergence of the curl of any vector function is zero

(V . (V xF ) =0=VeC ). Consider the following solution:

F=-VU+VxW

where
_ 1 ¢D(7)
U(r)_47rjr—r'dr
_ 1 C(7
(7)== [ ar
r—r

If F is a correct solution than the divergence of F must be equal to D:

VeF = —VeVU+Ve(VxW)=-VU-=-

—:—nf D(r')vz(rir‘de':JD(”')as(i’—r')d‘['zD(r)

Here we have used one of the properties of second derivatives, which states that V e (V X W) =0
for any vector function W .

If F is a correct solution than the curl of F must be equal to C':

Vx17:—VXVU+V><(V><W):VX(VXV_V):—VZWZ+V(70W)
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Here we have used one of the properties of second derivatives which states that Vx VU =0 for

any scalar function U. The Laplacian of W is equal to

The divergence of W is equal to

= — 1 — = 1 1 ¢ = =( 1
VelW(F) = — [ C(F)e V| —— |dr'=——=[ T()s V[ —— |ar'=
4 v r—r' 4 v r—r'
1 I 1 = 1 L 1 \VANal 6=k "
= —E Vv.(r_rC(l’ ))d‘[ +47[ Vr_r,(V OC(F ))dT =
1 1 ~ (5 =
T Tardyop e

In this derivation we have used the product rule for divergences (Griffiths page 21), the
divergence theorem and the fact that the divergence of C is equal to zero. The surface integral
of C/(r - r") will be equal to zero if C goes to zero faster than 1/72 when r — co. If this is the

case, the divergence of W is equal to zero, and consequently
VxF=-VW+V(VeW)=C+0=C

So far we have verified that we can obtain a vector function F if its divergence and curl are
given. However, the vector function F found is not unique. Consider a vector function A
whose curl and divergence vanish. Since the curl is distributive we can express the curl of the

new vector function in terms of the curl of F and the curl of A:

Vx(F+A)=VxF+VxA=VxF=C
Since the divergence is distributive we can express the divergence of the new vector function in

terms of the divergence of F and the divergence of A:

VO(F+A)=VOF+VOA:VOF:D

However, there is no function that has zero divergence and zero curl and goes to zero at infinity.
Since it is expected that the electric and magnetic fields go to zero at large distances we will

exclude this type of contributions to F by requiring that F goes to zero at large distances. With
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this requirement, F is uniquely defined if its curl and divergence are given. This conclusion is

know as the Helmholtz theorem:

If the divergence D(7) and the curl C(7) of a vector function F(7) are specified,
and if they both go to zero faster than 1/r2 as r — oo and if F(F) goes to zero as r

— oo then F(F) is given uniquely by

F=-VU+VxW

where
-1 D) |
U(r)_4izrjr—r' t
— 1 C_(F')
(r)=4— ~dT
TYr—r

1.9. Scalar and vector potentials

Consider a vector function F(7) which is the gradient of a scalar function U(F):
F(7)=-VU(F). The scalar function U(F) is also called the scalar potential of the field F(F)
The vector field F(7), defined by the scalar function U(F), has the following properties:

§17(F) e dl =0 for any closed loop.

2. J e d] is independent of path, for any given set of end points.
3. Vx 0 everywhere.

The vector field F(7) generated by the scalar function U(F) is called a curl-less field. In
Example 1.6 we showed that for the vector function v = v+ 2x(y + 1)} the line integral is path
dependent. The curl of this vector function is equal to V x¥ = 2( y+ l)zA —2yk and consequently
this vector function can not be written as the gradient of a scalar function U. Therefore, the line

integral of this vector function is path dependent, as was demonstrated in Example 1 6

§|

Now consider a vector field F(7) which is the curl of a vector function W: F =V x
d F

)

Bl

The vector function W is called the vector potential for the field F(). The vector fiel

(

defined by the vector potential W has the following properties:
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1. E‘;SF e da =0 for any closed surface.
2. J.SI7 e da is independent of the surface chosen, and depends only on the boundary line.

3. Ve F =0 everywhere.

The vector field F(7) generated by the vector potential W is called a divergence-less field.

The scalar potential U and the vector potential W are not unique. Any constant can be added
to U without effecting its gradient, since the gradient of a constant is equal to zero. Any gradient
of a scalar function can be added to W without effecting its curl, since the curl of a gradient is

equal to zero.
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